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Local atomic structure of semiconductor alloys using pair distribution functions. II.
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A method of calculating the pair distribution function in semiconductor alloys has been extended to the
differential and the partial pair distribution functions, and applied to pseudobinaries of the formA12xBxC with
the zinc-blende structure. We have used a simple valence force model with bond-stretching and bond-bending
forces. Results of calculations are presented for Ga0.5In0.5As. The differential pair distribution function pro-
vides a useful experimental way of determining the structural distortions in semiconductor alloys—specifically
the mean nearest-neighbor and second-neighbor distances and widths can be obtained for chemically specific
pairs of atoms.@S0163-1829~99!00407-5#
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I. INTRODUCTION

Semiconductor alloys have received much attention
cause physical properties, such as the band gap, mob
and lattice parameter, can be continuously controlled
varying the chemical composition. Having such continuo
controls is of importance in applications such as electro
and optical devices.1 Local structural information is impor
tant in understanding most physical properties of the all
However, the structural characterization of alloys is n
trivial, because the internal strain induced by the bond-len
mismatch between different chemical species, which cau
complex local strain patterns, complicates the situation.

Besides the bond-length mismatch, there are differ
kinds of pairs in alloys, and even the same kinds of pa
have different local environments. For example, in th
pseudobinary alloy Ga12xInxAs, there aretwo different types
of nearest-neighbor pairs~In-As and Ga-As! andfive differ-
ent types of next nearest neighbor pairs In-As-In, Ga-As-
In-As-Ga, As-In-As and As-Ga-As, each of which has d
ferent local surroundings. Therefore, studying local atom
structures will require quite an effort to sort out experime
tally. The experimental characterization of alloys has rel
mainly upon two methods. Bragg diffraction methods ha
measured the structural quantities that are correlated
long distances such as the lattice constant, while exten
x-ray absorption fine-structure~XAFS! experiments have
provided theshort-distance information such as the nea
neighbor distances. The mean nearest-neighbor distance
each of the two kinds of pairs can be obtained by XAFS
most cases,2 but the five mean second-neighbor distanc
have been obtained in only one case that we are aware3

Thus having an alternative approach that allows the m
lengths to be obtained, and in addition the widths, is v
desirable. Diffraction experiments always have the adv
tage over XAFS, that the interpretation is more straightf
ward. Recently, synchrotron x-ray sources and spalla
neutron sources have made high-momentum scattering
available. The diffuse background in diffraction experime
PRB 590163-1829/99/59~7!/4807~6!/$15.00
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is now utilized to extract theshort- to intermediate-distance
information using pair distribution function~PDF! analysis.4

The PDF, which represents the probability of finding
atom, consists of series of peaks as a function of the sep
tion.

In our previous work,5 henceforth referred to as paper
we developed a method of calculating the PDF of bina
semiconductor crystals with the zinc-blende structureAC and
the associated pseudobinary random alloys,A12xBxC. We
used a harmonic valence bond model,6 which had been suc
cessful in describing the local strain in semiconductor allo
and incorporated the thermal motion of atoms quantum m
chanically. The results of calculations using this meth
compared nicely with the first preliminary experiments7

which demonstrated the feasibility of the method. W
showed that the nearest-neighbor peak has a double-
substructure at low temperatures because the length dist
tions of two different types of pairs are sufficiently separat
This substructure can therefore be resolved experimental
the experiment is done at a sufficiently low temperature. T
widths of the these nearest-neighbor peaks can also be
tracted. On the other hand, the substructure in the n
nearest-neighbor peak cannot be observed in the PDF,
at the lowest temperatures, because the different type
pairs have almost overlapping length distributions, which
further mixed together into a single peak in the PDF by
zero point motion.5

Even after the above considerations, there is still anot
experimental complication. Scattering data can be obtai
only up to a finite value of the momentum transferqmax. In
order to obtain the PDF, therefore, the data should be c
voluted with a step function, the width of which is given b
qmax. The convolution integral tends to further blur sha
structures and produces ripples around PDF peaks, det
rating the quality of the PDF,5 and hence makes interpreta
tion very difficult or impossible.

The degree of this degradation depends upon the valu
qmax, as shown in the example in Fig. 1. Only the top tw
curves,~a! and ~b!, corresponding toqmax550 and 40 Å21,
4807 ©1999 The American Physical Society
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4808 PRB 59JEAN S. CHUNG AND M. F. THORPE
can resolve the double-peak structure of thetrue curve at the
bottom ~f !, which is theoretically calculated withqmax5`.
This kind of qmax can now be achieved with synchrotro
sources. Even withqmax530 Å21, which is beyond the limit
of conventional x-ray sources, the substructure of the p
disappears. At the lowestqmax in the figure, the ripples can
be of a comparable size with the peak itself. At high te
peratures, the situation becomes worse since the double
merges into one, even in theoretical calculations, withqmax
5`, due to thermal fluctuations.

The layout of this paper is as follows. In the next sectio
we define the differential and partial PDF’s. We closely fo
low the procedure developed in paper I, which should
read before this paper. We suggest that measuring t
quantities can solve some of the experimental and inter
tation problems mentioned above. Of course, the differen
and partial PDF’s provide more information than the to
PDF, and we show they can resolve the substructure in
nearest-neighbor peak under most experimental conditi
and can do so in the next-nearest-neighbor peak under
tain conditions.

II. PAIR DISTRIBUTION FUNCTION

In this section, we briefly discuss various definitions us
in this paper. Note that we adopt a different nomenclat
from that of paper I, which seems more consistent with
broader body of literature,8 and we will make notes of the
specific changes as they occur.

For the sake of simplicity, we begin with an arrangeme
of N identical atoms.4 Let us denote the position of thei th
atom asr i and definer i j 5r j2r i , which is a vector from the
atom i to j. The probability density of finding the pairij at
the positionr is given by

r i j ~r !5^d~r2r i j !&, ~1!

FIG. 1. The convoluted PDF’s of Ga0.5In0.5As with qmax values
of ~a! 50, ~b! 40, ~c! 30, ~d! 20, and~e! 10 Å21 are compared with
~f ! the unconvoluted theoretical PDF. Curves are calculated
neutron scattering atT510 K. Curves (a) – (e) are shifted upward
for clarity. It can be seen that the double-peak substructure in
nearest-neighbor peak can be resolved only with higher value
qmax.
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where ^¯& denotes the statistical average that impliesboth
configurational and thermal averages. This function
summed over all pairs and further averaged by taking e
atom in turn as the origin to give thedensity function~this
was referred as the pair distribution function in paper I!:

r~r !5
1

N (
i

(
j

8 r i j ~r !, ~2!

where the prime in the summation means that the te
i 5 j are excluded. The density function~2! describes the
average probability per unit volume of finding an atom a
positionr from an atom at the origin. It converges to unity
large distance in most materials.

In this study, the major interest lies in macroscopica
isotropic materials, such as pure randomly oriented crys
lites. In such materials, the probability of finding pairs d
pends only on the magnituder. For isotropic materials, it is
often convenient to define the one-dimensional probabi
density, namely, theradial distribution function~RDF! as
J(r )54pr 2r(r ), wherer(r ) is the spherical average of th
function r(r ). This probability should be interpreted as p
unit length rather than per unit volume. The average num
of atoms in a shell with radiusr and thicknessdr is given by
J(r )dr. For ideally rigid and perfect crystals, the RDF co
sists of a series ofd function peaks with the weight given b
the total number of atoms at that distance. In real cryst
however, the peaks are broadened by lattice imperfect
and by the thermal motions of the atoms.

The RDF tends to obscure the correlations between at
asr becomes larger because it grows rapidly as;r 2. Hence,
it is customary to define the PDF~this was referred as the
reduced RDF in paper I! as

G~r !54pr @r~r !2r0#5
1

r
@J~r !24pr 2r0#, ~3!

where r0 is the averagenumber density of the material.
Since the average density is subtracted,G(r ) oscillates
around zero and shows the correlations more clearly t
does the RDF.

Usually, it is the PDF to which the experimental diffra
tion data are transformed through the relation

G~r !5
2

p E
0

`

F~q!sinqrdq. ~4!

Hereq is the magnitude of the scattering vector andF(q) is
the reduced scattering intensity defined by

F~q![qF I ~q!

N f221G , ~5!

whereI (q) is the experimentally measured scattering inte
sity. The quantityf is the~q-dependent! atomic form factor in
x-ray scattering, and the~constant! scattering length in neu
tron scattering.

In the case of multicomponent systems,4 the definition of
the PDF is generalized to
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PRB 59 4809LOCAL ATOMIC STRUCTURE OF . . . . II.
r~r !5
1

N (
i

(
j

8 wi j r i j ~r !. ~6!

Here, the relative weightswi j are given byf i f j / f̄ 2, wheref i

is the scattering strength of the atomi and f̄ denotes the
arithmetic mean off i ’s in the sample.

The system of interest in this study,A12xBxC, can form
six different types of pairs at any distance, namely,A-A,
A-B, B-B, or C-C pairs between atoms in thesamesublat-
tice, andA-C or B-C pairs between atoms indifferentsub-
lattices. Therefore, we define the~pair-specific! partial den-
sity functionrmn ~m, n5A, B, or C! by Eq. ~6! but with the
sum restricted to the specified type of pair; that is either
i th atom is m and the j th atom is n, or vice versa. The
~pair-specific! partial PDF, Gmn , can also be defined simi
larly using Eq.~3!. These partial functions contain the info
mation on the length distribution of the specific type of t
pair in the alloy.

Another quantity of interest is the~atom-specific! differ-
ential density functionrm and the~atom-specific! differential
PDF, Gm , where we restrict the sum so that eitheri th or j th
atom is an atom of a specified chemical type. Then by d
nition

rm5(
n

rmn . ~7!

These differential functions can be obtained in neutron s
tering experiments by taking the difference of two PDF
from samples containing two different isotopes, or by wo
ing near an absorption edge with x rays.8

To proceed further, we rewriter i j (r ) as

r i j ~r !5
1

2p E dqe2 iqr^eiqr i j & ~8!

and apply the harmonic approximation. This function wou
be a series ofd functions located atr i j if all the atoms were
stationary in a perfect crystal. However, thisd function is
broadened by thethermal motionssince the atoms move
around the equilibrium positions even at zero temperat
The response is further broadened by theinternal strainsdue
to the bond-length mismatch in alloys.

Within the harmonic approximation, thermal averagi
can be calculated using the Debye-Waller theorem. It
been shown in paper I that for a specific pairr i j (r ) becomes
a Gaussianpeak centered atr i j with the widths i j given by

s i j
2 5^@ui j • r̂ i j #

2&, ~9!

whereui j 5uj2ui , andui is the displacement of the atomi,
and r̂ i j is the unit vector in the direction ofr i j . Therefore,
the PDF consists of a series of Gaussians distributed ov
length range determined by the local environment of e
pair of atoms in the system.

Using of the quantum mechanical representation of
displacement, and thus rewritingui j in terms of phonon op-
erators, it was shown in paper I that
e
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s i j
2 5

2\

N (
k,s

1

vs~k!
~^nk,s&1 1

2 !

3F uem~k,s!• r̂ i j u2

2Mm
1

uen~k,s!• r̂ i j u2

2M n

2
uem~k,s!• r̂ i j uuen~2k,s!• r̂ i j ueik•r i j

AMmM n
G , ~10!

whereN is the number of Bravais lattice points,vs(k) is the
eigenvalue of the dynamical matrix with the wave vectork
in branch s, ^nk,s& is the number of thermally excited
phonons, andem(k,s) is the corresponding eigenvector ass
ciated with the basism and massMm . The sum runs over the
first Brillouin zone and also over all branches.

The PDF of the material can be calculated as follow
solving the eigenvalue problem of the dynamical mat
given by the model alloy with a particular configuration
atoms in a large supercell that is periodically repeated,
can calculate the widths i j by performing the sum~10! for
each individual pairof atoms. Then the Gaussian located
r i j with a calculated widths i j can be summed with the
weight wi j to give the particular PDF required. The actu
distribution of r i j can also be found from this approach.
the next section we give a number of examples of the res
of this procedure.

The approach outlined here is quite general and does
rely on any particular potential. We have found the Kir
wood model adequate to date, but the procedure outli
here could be implemented with any potential.

III. CALCULATIONS

We consider a pseudobinary semiconductor alloy in
zinc-blende structure,A12xBxC with A andB atoms in one
sublattice andC in the other. We adopt the Kirkwood mode9

for convenience as in paper I to account for the forces
tween the atoms in zinc-blende structures. The potential
ergy of this model is given by

V5(
^ i , j &

a i j

2
~Li j 2Li j

0 !21Le
2 (
^ i j ,i l &

b i j l

8
~cosu i j l 2cosu0!2.

~11!

Here, the first term describes the energy due to the bo
stretching force with the force constanta i j between atomsi
and j. The lengthsLi j and Li j

0 are the actual and natura
~unstrained! bond lengths between the atomsi and j, respec-
tively. The second term in Eq.~1! describes the bond
bending force with the force constantb i j l between the bonds
ij and il . The anglesu i j l and u0 are the actual and natura
~109.5 °! angles between the bondsij and il . The nearest-
neighbor distanceLe as given by the virtual crystal approx
mation, is known to be exact10 if there is no disorder in the
force constantsa and b as assumed here. The lengthLe is
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4810 PRB 59JEAN S. CHUNG AND M. F. THORPE
inserted in the second term to makeb i j l have the same di
mension asa i j . The angular brackets under the summatio
denote counting each pair only once to exclude dou
counting. The potential~11! has been used extensively
discussing the elastic strain in semiconductor alloys.6 We
take a i j 5a for all pairs andb i j l 5b for all angles as in
paper I.

To realize the alloy computationally, we employ the pe
odic supercell, which consists of 43434 cubic unit cells of
Ga0.5In0.5As containing 512 atoms. We have chosen this m
terial because it has a large bond-length mismatch and fo
a random solid solution. A configuration of the material
built by positioning In and Ga atoms randomly at the latt
points on one sublattice, the other sublattice always be
occupied by As atoms. Then the system is relaxed using
conjugate gradient method to find the static equilibrium d
placements. By solving the eigenvalue problem of the
namical matrix numerically, the integration~10! can be per-
formed to give s i j as described in paper I. Finally th
appropriate PDF is calculated by adding Gaussians with
width given bys i j and the position given by the static re
laxed structure. This whole procedure is iterated over diff
ent realizations of the supercell to perform a configuratio
average as needed.

The results of our theoretical calculations for the~atom-
specific! differential PDF are depicted in Fig. 2. For the nea
est neighbor peak nearr 52.5 Å, the As-related curve is th
same as the total PDF since every nearest-neighbor pea
As atom at one end. However, the In-related and the
related curves are specific to the In-As and the Ga-As bo
respectively, and show the characteristic length of the co
sponding bonds. Adding these two curves gives the t
PDF. Note that, here and in the following, adding the diffe
ential or partial PDF’s means the addition of the peaks o

FIG. 2. The differential PDF’s of Ga0.5In0.5As for ~a! neutron
scattering and~b! x-ray scattering atT510 K are compared with
the total PDF. The top three curves are shifted upward in each p
for clarity.
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on the fixed baseline which decreases withr. The width of
each peak is broader than the actual~static! bond length dis-
tribution because the PDF peaks are broadened by the
motions. At 10 K, these thermal motions are mainly due
the zero point motion as shown in paper I.

For the next-nearest-neighbor peak nearr 54.2 Å, the As-
related curve has the double-peak structure showing the c
acteristic lengths of the As-In-As and As-Ga-As local stru
tures, while the In-related and the Ga-related curves occu
different positions showing the characteristic lengths of d
ferent local structures. In fact, the peak in the In-rela
curve comes from two types of pairs, In-As-In and In-As-G
and that in the Ga-related curve from Ga-As-In and Ga-A
Ga. Since the differences are so small, they appear as
peak. Although the double-peak structure of the As-rela
curve may not be resolved at higher temperatures due
thermal broadening, the difference in the In-related and
Ga-related curves may stay intact because thermal broa
ing does not change the peak positions. Addition of all th
curves with appropriate weights gives the total PDF, wh
appears to be structureless because the three peaks a
cated very close to each other. Therefore, the differen
PDF’s can provide more information on the local structu
than the total PDF, as expected, and this extra informatio
important.

The results of the theoretical calculations for the~bond-
specific! partial PDF’s are shown in Fig. 3, where adding
three curves in each panel of~a!, ~b!, and ~c! will give the
corresponding curves in Fig. 2~a! for In-, Ga-, and As-related
differential PDF’s, respectively. Since the partial PDF
more restrictive in the sense that both end atoms of a
should be of specific types, we have less intensity in e
peak. We have a possibility of resolving the different typ
of pairs in the next-nearest pairs with the partial PDF

el

FIG. 3. The partial PDF’s of Ga0.5In0.5As associated with the~a!
In, ~b! Ga, and~c! As atoms for neutron scattering atT510 K.
Adding the three curves in each panel gives the corresponding
ferential PDF’s in Fig. 2~a!. The top two curves are shifted upwar
in each panel for clarity.
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PRB 59 4811LOCAL ATOMIC STRUCTURE OF . . . . II.
which appeared as one peak in the differential PDF, e.g.,
In-As-In and In-As-Ga pairs. However, the difference
probably within typical experimental error and will be ha
to observe. The major interest in this case lies in the th
neighbor peak nearr 54.9 Å, because the information on th
local structures of the first two neighbors can be obtain
from the differential PDF’s. Each of these four peaks, one
each of~a! and ~b! and two in~c! in Fig. 3, consists of two
kinds of pairs, e.g., in~a! the peak in In-As curve contain
In-As-In-As and In-As-Ga-As pairs, and in~b! the one in
Ga-As curve has Ga-As-In-As and Ga-As-Ga-As pairs,
These substructures are located so close that they are a
indiscernible even in theoretical calculations. Hence, it w
probably not be possible to get information experimenta
on the effects of local structure beyond the third-near
neighbor.

We now discuss the complications on experimental m
surements of the differential PDF’s imposed by having b
a finite qmax and a high temperature. The convoluted diffe
ential PDF’s are shown in Fig. 4 for two different values
qmax at a low temperature, where the substructure in
peaks are usually well resolved. Each feature in this s
structure in the theoretical calculations is conserved with
higher value ofqmax in ~b!, while that associated with th
As-related peak for next-nearest neighbor is lost in~a! due to
broadening of the peak by the convolution associated w
the finite qmax. If experiments are done with high enoug
qmax andat low enough temperature, one can obtain deta
information on the different types of pairs up to the ne
nearest neighbors. The merits of measuring the differen
PDF can be noted in Fig. 4~a!. Even withqmax520 Å21, the
double peak is separated in the differential PDF’s for In a
Ga. This was not possible in total PDF of Fig. 1~d! with the
same experimental conditions.

Another advantage in the differential PDF is that t
nearest-neighbor peak positions are not affected by the
volution associated with the finiteqmax. In the total PDF, on
the other hand, the ripples from a nearby peak may cha
the peak position. For example, consider the near

FIG. 4. The comparison of the neutron scattering differen
PDF’s of Ga0.5In0.5As with different values ofqmax at T510 K. The
curves are drawn for the first two neighbors and shifted upward
clarity.
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neighbor peak in the As-related curve in~b!, which is iden-
tical to the total PDF in this case. The peak positions in
double peak from the In-As and the Ga-As pairs interfe
with each other to some extent. Also, even with only o
measurement of the In-As and Ga-As bond length from
differential PDF, one can deduce the other length with
help of the total PDF. This is because the mean near
neighbor distance from the total PDF should be the com
sitional average of the two. Therefore, the differential PD
can provide a fairly complete description of local structur

The convoluted differential PDF’s for the same two d
ferent values ofqmax as in Fig. 4 are plotted again in Fig. 5
The curves in this figure are calculated at a high tempera
where the substructures in the peaks are not resolved in
total PDF. Although we lose the double-peak structure in
As-related curve, which we had in Fig. 4 withqmax

540 Å21, the information one can extract remains ess
tially the same. Therefore, even at a quite high temperat
almost all the advantages of the differential PDF noted
conjunction with Fig. 4 are preserved.

We note that the integrated weights in the various pe
in the partial and differential PDF’s are related to the sta
tical occurrence of pairs of atoms, which we have taken to
given randomly as is appropriate for a random solid soluti
For partially ordered alloys, these weights would be differe
and could be extracted from the integrated intensity in
various peaks.

IV. CONCLUSIONS

We have shown how much more detailed informati
about the local structure associated with nearest-neigh
and second-neighbor pairs in semiconductor alloys can
obtained from the partial and differential PDF’s. Much
this information cannot be extracted from the full PDF. Su
information consists of the mean lengths and widths of
various pairs of atoms in the lattice. In addition, if the allo

l

r

FIG. 5. The comparison of the neutron scattering differen
PDF’s of Ga0.5In0.5As with different values ofqmax at T5300 K.
The curves are drawn for the first two neighbors and shifted upw
for clarity.
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4812 PRB 59JEAN S. CHUNG AND M. F. THORPE
is not a random solid solution, this will show up in the int
grated weights of the various peaks.

In neutron and x-ray scattering experiments on allo
there are various problems stemming from convoluting
perimental data with a step function, the width of which
determined by the finite value of the maximum moment
transfer. We have shown that this problem is less severe
the partial and differential PDF’s than with the total PDF
,
-

ith
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